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Abstract

We consider the problem of quantization for surface graphs. In particular, we generalize the process of error diffusion to meshes
and then compare different paths on the surface when used for error diffusion. We suggest paths for processing mesh elements
that lead to better distributions of available neighbors for error diffusion. We demonstrate the potential benefit of error diffusion at
several mesh processing applications: quantization of differential mesh coordinates, including an extension to animated geometry,
and vertex subset selection for mesh simplification. These applications allow us to compare different paths objectively. We find
that the linear time solution results in excellent overall performance, outperforming other traversals taken from the literature. We
conclude that the proposed path can be taken as a starting point for any application of error diffusion on meshes.

1. Introduction

Quantization is a fundamental operation in computer science:
whenever quantities are encoded they are usually quantized;
moreover, in many applications one has only a limited set of
options, and choosing one of them is necessary. For Euclidean
domains (i.e., images), the idea of diffusing the error result-
ing from quantization has been investigated for decades, greatly
evolving over time [1, 2, 3, 4, 5, 6]. Interestingly enough, the
subject has not been investigated for discrete surfaces in depth,
despite a number of recent applications that would greatly ben-
efit from a generalization of error diffusion [7, 8, 9, 10].

The fundamental idea of error diffusion for halftoning im-
ages (Figure 1(a)) is to spread the error resulting from quanti-
zation to neighboring image elements [11]. This requires that at
least some neighboring elements have not been quantized (and,
thus, fixed) when a certain element is processed. The pertinent
research questions for error diffusion directly follow from this
procedure: 1) In what order are the elements processed? 2)
How is the error diffused to other elements? We note that both
problems have significantly more structure on a regular grid in
the plane compared to irregular surface meshes. In this work,
we tackle the first problem, namely how to generate processing
orders for surface meshes that have desirable properties.

A natural property for the processing order is that for most el-
ements roughly half of the neighbors are unprocessed for each
element. A path with this property may quite easily be com-
puted for a regular grid and several such options are considered
in the literature on error diffusion for images: scanline, serpen-
tine paths, space filling curves, and others. Generating curves
with similar properties on a mesh is theoretically very difficult
(i. e., in NP) and approximations are still not easy to compute.

IThis is the authors’ version of the work. The definitive version was published in
Computers & Graphics, Vol. 46, 2015, pp. 336–344. doi: 10.1016/j.cag.2014.09.010.

Our main contribution is the design and analysis of paths that
have properties similar to the ones used in image processing. In
particular, we consider and evaluate the following orders:

• The order of breadth-first traversal, or variants such as the
one by Alliez et al. [12] used for remeshing.

• Paths generated by algorithms for the generation of trian-
gle strips [13, 14], rendering [15], and mesh compression
[16],

• An order inspired by the Warnsdorff rule [17] for the lin-
ear-time approximation of a Knight’s tour through a chess-
board (see Figure 1).

• Variants of the Warnsdorff rule based on locally or globally
sorting the elements according to different criteria.

We show that our interpretation of the Warnsdorff rule is fast
(linear in the vertices) and outperforms all other paths from the
literature in terms of being similar to the properties of error
diffusion orders for images.

Moreover, to make our analysis meaningful in terms of ap-
plications, we present two applications of error diffusion for
mesh processing and show that the new paths again outperform
all alternatives. The first mesh processing application is ver-
tex quantization applied to the Laplacian of the mesh geom-
etry [18], also known as high-pass quantization. In addition,
we apply error diffusion to a similar technique for animated
mesh data. Here, vertex trajectories are first transformed into
a PCA-basis, before applying the Laplacian. A state-of-the-art
coder [19] applies the parallelogram-rule [16] to this data. We
show that quantizing the data directly while performing error
diffusion improves on the entropy of the resulting code. See
Section 4 for details.

What amounts to quantizing into black and white dots for im-
ages can be reinterpreted as a way to select vertices in a mesh.
As an application of this idea we show how to subsample a
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Figure 1: (a) Classical error diffusion for halftoning images converts grayscale images to black-and-white images by processing the input pixel-by-pixel. For
each pixel, its grayscale value is converted to either black or white and the resulting error distributed to the neighboring unprocessed pixels. (b) Motivated by the
Warnsdorff rule, which describes an algorithm for a Knight’s tour on a chessboard, we propose a processing order that enables error diffusion on surface meshes.
(c) In contrast to processing orders popular in image processing, the Warnsdorff rule naturally generalizes to arbitrary surface graphs. Colors encode the number of
legal moves, with white denoting already processed elements. Blue points mark legal moves at the current position.

mesh for simplification (see Section 5). The remaining ver-
tices are then reconnected as triangles based on intrinsic graph
distances, as in Boubekeur and Alexa [20]. We show that we
achieve better preservation of the original geometry in linear
time for the same vertex count, thus providing a very fast mesh
decimation technique with acceptable quality.

2. Error Diffusion on Meshes

In this work, we will be primarily interested in the diffusion
of vertex data. However, the same principles also apply to face
data by considering the dual graph. Let us assume that a mesh is
given together with a set of values associated with the vertices
of the mesh. Associated values could be, for example, colors,
vectors representing location, or material properties. Our aim
is to quantize these values, i. e., to replace each value by a new
value q ∈ Q from a finite set of appropriate type. This quan-
tization process results in errors and the underlying idea of er-
ror diffusion is to distribute these errors to the yet unprocessed
neighboring values.

For an arbitrary mesh we cannot make any assumptions on
the regularity of its structure and therefore might have to ac-
count for irregularities during the distribution of the error. To
this end, we can associate to each vertex a mass mi that is de-
duced from the geometry. This is typically the area associated
to a vertex (e. g., the Voronoi area [21], or the incident face ar-
eas based on vertex degrees [22]) but the term mass is common
in the related literature on finite element methods. In some ap-
plication it might be convenient and sufficient to assume that all
masses are equal, i. e., mi = 1.

Vertices are identified by an index i. Let vi denote the value.
When the vertex with index i is quantized, its assignment to a
value in Q is chosen to minimize the quantization error:

vi ← qk, arg min
k
||vi − qk ||, qk ∈ Q . (1)

Once the associated value of vertex i has been replaced by one
of the values of Q, it becomes unavailable. The availability
is reflected by a status variable a = {ai ∈ 0, 1}. Initially set to
ai = 1 for all i, the status changes to ai = 0 after the assignment.

Since we assume all initial values to be locally constant, the
the total error for distribution is given by a multiplication with
the element’s mass:

ei = mi(vi − qk) (2)

The distribution of the total error to available vertices depends
on a mask of coefficients that encode distance and mass. We
typically use a Gaussian mask1 of the form

c̃i j =
m j

mi
exp

(
− 1

2σ d2
i j

)
, (3)

where di j is the distance between the vertices i and j. Possi-
ble choices are either the topological distance in the incidence
graph of the mesh, the Euclidean distance, or the geodesic dis-
tance between the vertices. Weighing the elements by their

1We note that this choice of coefficients is likely suboptimal for many appli-
cations. Yet, in analogy to error diffusion for images, the choice of coefficients
is highly non-trivial, and we leave this for future research.
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mass results in a mass-proportional distribution of the total er-
ror. As not all elements are available for the distribution of the
error, the coefficients need to be normalized throughout the pro-
cess. More precisely, using the sum

Σi =
∑

j∈{di j≤r}
a j c̃i j (4)

yields the normalized mask values

ci j =
a j c̃i j

Σi
. (5)

The radius r defines the size of the mask and depends, as the
standard deviation σ of the Gaussian weights, on the applica-
tion. For topological distances in a triangle mesh, a reasonable
choice is a mask of size r = 1.

The weights determine how much of the total error is dis-
tributed to each available vertex. Since the total error is an inte-
gral quantity but the vertices are assumed to carry a point-wise
value, the proportional error must be divided by the mass of the
receiving vertex when distributing the error:

v j ← v j +
ci j

m j
ei (6)

When no vertices are available, the error cannot be diffused,
adding to the global quantization error of the process. This
setup for the masks does not imply a specific ordering. The
mesh can be processed in any order, however, possibly yield-
ing different results.

In case of a connected processing order an interesting feature
can be included. From the literature on error diffusion for im-
ages it is known that it is advantageous if approximately half of
the error is distributed to the next element in processing order
[3, 23]. In our algorithmic setup, we therefore include this pos-
sibility in form of an control parameter ζ ∈ [0, 1]. The pseudo-
code in Algorithm 1 summarizes this procedure, where we ex-
ploit that Σi is independent of j and thus can be pre-multiplied
with ei.

3. Orders for Error Diffusion

The original error diffusion algorithm by Floyd and Steinberg
[24] exploits the regularity of the underlying adjacency graph
(i. e., a rectangular grid) and processes image elements in scan
line order. Floyd-Steinberg error diffusion is known to produce
artifacts (see [3] for a detailed discussion), which resulted in a
number of different modifications to the original algorithm. In
particular, different processing orders, such as Knuth’s dot dif-
fusion [1], the serpentine path [11], or space-filling curves [25]
have been considered. In contrast to a random processing order,
these processing orders have the important property that all im-
age elements always have unprocessed neighbors for diffusing
the error. By symmetry, this comes at the price of having not
more than half of the neighborhood available. While it is clear
that for any path through a graph every element would have this
property on average, it is not clear how to generate paths that

Algorithm 1: Irregular error diffusion.
Data: Index i of the vertex to be quantized, index η of next

vertex in processing order (if available), and fraction
ζ of the error distributed to next vertex.

Result: Value of vertex i is replaced by an element of Q
and the error is diffused to the available vertices in
the neighborhood.

kmin ← 0
for qk ∈ S , k ≥ 1 do

if |vi − qk | < |vi − qkmin | then
kmin ← k

e← mi(vi − qkmin ), vi ← qkmin , ai ← 0
if ζ > 0 and is valid(η) then

vη ← vη + ζe
e← (1 − ζ)e

if Σi > 0 then
e← e/Σi

for j ∈ {di j ≤ r} do
if a j = 1 then

v j ← v j + c̃i j/m j e

have the desirable feature of having at least half of the neigh-
borhood available for a large number of elements.

Hamiltonian paths are a special and well-studied class in this
setting: each element has at least one unvisited neighboring el-
ement. Yet, it is well known that Hamiltonian paths for general
graphs are NP-hard [26] and thus infeasible to compute. Hence,
we have to assume that several elements will not have available
neighbors for error diffusion. Our problem is more general,
however, in that we like to minimize the number of elements
with only few available neighbors, since then more neighbors
are available for distributing the error. Nonetheless, we take
our inspiration from fast approximation approaches for finding
Hamiltonian paths.

The graph we are considering for our approaches is defined
as follows: an edge exists between elements i and j when
di j ≤ r, i. e., the coefficient ci j > 0 and, thus, allows for er-
ror diffusion. Hence, in case of the topological distance, if A is
the adjacency matrix of the original graph, we are looking for
paths inside the graph with adjacency matrix Ar. As a baseline
for a path, we consider a random ordering of elements. In the
following we discuss several choices for the construction of a
good path and evaluate these choices purely based on the graph.
Further evaluation, considering specific applications, then fol-
low in the next sections.

3.1. The Warnsdorff Path

While Hamiltonian path problems are usually NP-complete,
there exist a variety of polynomial solutions for planar rectan-
gular graphs. We use a particularly simple heuristic initially
suggested by Warnsdorff [17] for computing a Knight’s tour on
a chessboard (Figure 1(b)): from the available moves, pick the
one that leaves the smallest number of subsequent moves; ties
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are broken arbitrarily. Several heuristics for the tie breaker are
known to improve the situation. For example, Pohl [27] pro-
posed to break ties by summing the number of moves available
at the next level and picking the one yielding a minimum. This
results in a simple, elegant, and linear algorithm for computing
a path. The constant for this linear algorithm depends on the
size of the masks. Yet, since error diffusion also needs to iter-
ate over the elements in the mask to diffuse the error, a smaller
constant cannot be achieved in any case.

An alternative to summing the number of available moves is
to compute the sum of the available mask coefficients c̃i j (see
Eq. (5)). For r = 1 this is equivalent up to scaling to computing
the number of available moves. For r > 1, however, primitives
with fewer available moves on the inner rings will be preferred.
The sum of available mask coefficients is given by Eq. (4) and
the sum of available mask coefficients on the next level is given
by:

Σ′i =
∑

j∈{di j≤r}
a j Σ j (7)

There is a minor tweak to achieve guaranteed linear complex-
ity: whenever the current primitive has no available neighbors
the algorithm needs to search for a new primitive to start from.
We do this by iterating over the availability ai of primitives.
Once we found an index u with au = 1 we store the index. In
a subsequent search we start at index u + 1, since we know all
primitives with smaller index are unavailable (including u that
now has been processed). In total, this adds a single sweep over
the primitives ai, i. e., another linear term with a comparatively
small constant. The pseudo-code in Algorithm 2 gives the de-
tails for this algorithm.

Algorithm 2: Next primitive using the Warnsdorff rule.
Data: Index i of current primitive, a global index u such

that au′ = 0 ∀u′ < u
Result: Index l of next primitive
l← −1
Σmin,Σ

′
min ← ∞

for j ∈ {di j ≤ r} do
if a j > 0 then

if Σ j < Σmin ∨ (Σ j = Σmin ∧ Σ′j < Σ′min) then
l← j
Σmin ← Σ j

Σ′min ← Σ′j

if l < 0 then
l← u + 1
while al = 0 do

l← l + 1

u← l

3.2. Global Variants of the Warnsdorff Rule

The Warnsdorff path discussed in the previous section tries
(by construction) to minimize the number of connected com-

ponents. For the application to error diffusion, however, a con-
nected path is not strictly necessary. Therefore, we have ex-
perimented with a number of other approaches to define the
next primitive globally. The main idea behind the heuristics we
tested is this: try to avoid that neighborhoods fill up by prefer-
ring primitives that already have many unavailable neighbors.

Global. Among different choices, we found it best to consider
the number of available neighboring primitives, as suggested
by Warnsdorff and Pohl for the Knight’s path. To this end, we
again used the sum of available coefficients on the current level,
and the sum of available coefficients on the next level to break
ties. Given an implementation for priority queues with the pos-
sibility to update the priority of elements in the queue (we use
the relaxed heap in Boost2), all required is to supply an op-
erator for the comparison of two elements. This operator is
simply based on the comparison of the Σ- and Σ′-values of the
primitives. This requires maintaining a heap for all primitives,
adding an additional O(log n) term to the asymptotic computa-
tional complexity.

Tree. As a further alternative, we considered allowing to add
primitives to the path whenever they are a neighbor of an al-
ready processed primitive. Compared to the Warnsdorff path al-
gorithm, this extends the set of possibilities beyond the current
node, while limiting the set of processed nodes in comparison to
the global approach and enforcing more continuity. Moreover,
the set to be sorted is reduced. This approach is equivalent to
a breadth first search over the graph: a list of nodes is active,
if they have already been processed but are not completely sur-
rounded by other processed nodes. We always pick the “best”
node from the set of active nodes. Because of this similarity
to graph traversal algorithms, the list of nodes will essentially
form a (spanning) tree. For surface graphs, the number of ac-
tive elements tends to be on the order of

√
n, where n is the total

number of primitives, as it is the circumference of the currently
conquered primitives. This reduces the factor for the O(log(n))-
term necessary to keep the heap data structure sorted. In our
setting, we define the “best” element to pick in the same way as
before, namely, as the one with the smallest number of available
neighbors based on the sum of available mask coefficients.

3.3. Analysis of the Different Paths

The characteristics of the resulting paths can be compared in-
dependently of any application, since the criteria for the differ-
ent path constructions are based on the availabilities ai and the
mask coefficients c̃i j, which depend only on the geometry of the
graph. For quantitative comparison, we compute the number of
available neighbors along the path as well as runtimes, without
considering the actual diffusion of error, which is identical for
all algorithms.

Figure 2 shows the distribution of available primitives rela-
tive to the primitive count averaged over several meshes. With
the exception of the paths generated by the triangle strip and

2http://www.boost.org
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Figure 2: Average relative neighborhood frequencies of the available faces for different paths. The global paths (wtree, wglobal) are performing best, with very
similar distributions. The Warnsdorff path (wpath) still shows a very good distribution.
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Figure 3: Relative execution times for computing the different paths (without
actually diffusing error) for meshes with different number of faces on a log-log
scale.

rendering algorithms, where faces have been used, all shown
distributions have been computed using vertices as primitives.
As can be seen, a random path generates a uniform distribution
of available neighbors, which is highly undesirable, since low
numbers of available neighbors are as likely as higher numbers.
A straightforward breadth first search (BFS), as well as the or-
dering generated by the mesh compression algorithm (TMC)
by Touma and Gotsman [16], provide a reasonable distribution
of available neighbors but are out-performed by the specifically
designed approaches based on the Warnsdorff rule. Triangle
strip algorithms also generate paths on surfaces. We evaluated a
variant of the original SGI algorithm [13] and a more recent ap-
proach by Yoon et al. [14]. Both approaches show a distribution
that is close to uniform, making them unsuitable for the purpose
of error diffusion. This is due to the different requirements. Re-
gardless of how many neighbors of an element have been vis-
ited before, triangle strips are typically constructed to continue
as long as possible or are optimized for cache coherence. Sim-
ilar considerations apply for the DFS sequence from [15]. The
Warnsdorff path, with second level tie breaking as proposed by
Pohl, shows excellent performance. There is a strong peak for
2–4 neighbors. The two global approaches yield nearly similar
results, both outperforming the Warnsdorff path in terms of the
available neighbors statistic.

The necessary relative computation times are shown in Fig-
ure 3. This demonstrates that all techniques behave almost lin-

early in the number of vertices.
Note that simply laying out the mesh in the plane and then

using standard techniques is not an option. Such an algorithm
would be necessarily super linear, since it would require solving
a sparse linear system and some form of sorting to obtain a path
through the transformed primitives. Moreover, the practical run
time and requirements on main memory would be significantly
higher, in general, than the proposed approach. In addition, lay-
ing out mesh in the plane may suffer from numerical problems
and may generate visual discontinuities across the boundary.
If boundaries are identified, i. e., if the diffusion is performed
across boundaries, the distribution of available neighbors may
suffer. And even if all these issues can be addressed, not much
is gained in the end, since the mesh is still irregular, though
then living in the plane.

4. High-Pass Quantization

In the previous sections, we outlined how to perform error
diffusion on arbitrary meshes. As an application we show in
this section how our error diffusion framework can be applied
for high-pass quantization of vertex coordinates. Most mesh
compression schemes require at some stage the quantization of
vertex coordinates. Quantizing vertex coordinates of meshes
in Cartesian coordinates, however, introduces strong high fre-
quency errors. By contrast, taking the differentials of coordi-
nates and quantizing them (Figure 4(b)) moves the error into the
low frequencies of the geometry, as shown in Figure 4(c). This
approach is known as high-pass quantization and was pioneered
by Sorkine et al. [18, 28]. In this section we will demonstrate
that error diffusion completely avoids the large deformations
that result from quantizing differentials (i. e., low frequency ge-
ometry error, potentially tackled by anchoring, also shown in
Figure 4(c)), as error diffusion minimizes the global energy dis-
sipation (Figure 4(d)).

4.1. High-Pass Quantization of Static Meshes
High-Pass Transform. To avoid the encoding of additional data
such as edge lengths, we assume that the decoding side in a po-
tential transmission scheme has no other information available
than the combinatorics and therefore use the combinatorial (or
umbrella) Laplacian. For details we refer the reader to a rich
literature on Laplacian computations for meshes, such as [29].
For all vertices vi ∈ R3 we compute

δi = vi − 1
|N(i)|

∑
(i, j)∈E

v j , (8)
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(a) (b) (c) (d)

Figure 4: Illustration of high-pass quantization in two dimensions. (a) Points randomly distributed on a circle. (b) Differential coordinates of the points (black)
and quantized coordinates (blue). (c) Reconstruction of the quantized coordinates without (red) and with anchor points (blue). (d) Reconstruction of differential
coordinates quantized without any anchor points using error diffusion.

Figure 5: RMS distances, normalized by model diameter, of different meshes reconstructed from differential coordinates using different error diffusion schemes.

where |N(i)| is the degree of the vertex i and E is the set of edges
of the mesh. Equivalently, Eq. (8) can also be written in matrix
notation as D = LV , with L denoting the Laplacian operator
and V denoting the Cartesian vertices of the mesh.

Quantization. The differential coordinates D = {δi} can now
be quantized, resulting in a new set of differential coordinates
D′ = {δ′i} with δ′i ∈ Q. We use uniform quantization as in
[18], however, with a small twist. Instead of simply computing
the bounding box, we take the bounding box containing 99.9%
of the differential coordinates, typically leading to significant
improvement of the results. Error diffusion is incorporated by
performing the quantization and distribution of the error as ex-
plained in Section 4, while processing the primitives in order of
one of the paths from Section 3. Finally, the quantized differ-
ential coordinates {δ′i} can be enumerated and encoded using,
e. g., Huffman coding or a more advanced coding scheme.

Reconstruction. In order to recover the mesh, the quantized
differential coordinates are first decoded. Then the Cartesian
coordinates V ′ of the mesh can be recovered by solving the sys-
tem

LV ′ = D′ . (9)

In our implementation we use the sparse LU decomposition as
provided by the Cholmod based solver of Eigen [30]. As long as
the mesh is well-defined, the Laplacian L has only the constant
functions in its kernel, and the solution is defined up to global

translation. As part of the compressed data we therefore also
store the mean of the vertices of the mesh.

Results and Discussion. For the quantitative statements, we
compare quantization based on error diffusion using the paths
discussed in the previous section and classical quantization by
measuring the root mean square (RMS) distance [31] of the re-
constructed mesh to the original mesh. As can be seen in Fig-
ure 5, error diffusion significantly improves the situation across
all quantization levels in comparison to the original approach
by Sorkine et al. [18, 28], which does not diffuse the error.
Moreover, it can be seen that the Warnsdorff path significantly
improves over the random processing order and breadth-first-
search. Furthermore, it can be observed that the global Warns-
dorff-based paths achieve no improvement. In fact, the sim-
ple Warnsdorff path with ζ = 0.5 outperforms all other pro-
cessing orders. Figure 6 shows a visual comparison with the
original approach, as well as results produced by our approach
using random and Warnsdorff paths. As can be seen, the Warns-
dorff path achieves a significant improvement over the other ap-
proaches.

We note that the RMS distance is a measure that is com-
pletely unrelated to this type of quantization. In addition, we
have repeated this experiment based on a number of other dis-
tance measures, such as the Hausdorff distance and visual sim-
ilarity (as used by Sorkine et al. [18]), and obtained similar re-
sults.
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0.0

0.01

(a) HP, w/o anchor (5.54 bpv) (b) HP, 5 anchor (5.54 bpv) (c) HP+random (5.67 bpv) (d) HP+wpath (5.73 bpv)

0.0

0.01

(e) HP, w/o anchor (8.9 bpv) (f) HP, 5 anchor (8.9 bpv) (g) HP+random (8.91 bpv) (h) HP+wpath (8.92 bpv)

Figure 6: Comparison of high-pass quantization with and without error diffusion: (a),(b),(e),(f) High-pass quantization as proposed by Sorkine et al. [18].
(c),(d),(g),(h) Proposed method: High-pass quantization with error diffusion. Our approach using error diffusion does not use any anchor points. All methods
use the same bounding box (containing 99.9% of the differential coordinates) for uniform quantization.

Figure 7: Comparison of our error diffusion utilizing CoDDyaC variant with the differential coordinate-based CoDDyaC variant [19]. Shown are entropy vs. model
distortion of the quantized trajectory coefficients. In both cases a PCA basis of 150 vectors was used and the same set of randomly chosen anchors.

For all paths, we assumed that the masses mi (i. e., the ver-
tex areas) are the same. Early experiments that we conducted
showed that using mass-weighted paths is not advantageous in
this case. This is reasonable, since the computation of the differ-
ential coordinates and the reconstruction is based on the com-
binatorial Laplacian. In particular, the least-squares solver will
perform compensation during the reconstruction only on basis
of the combinatorial structure. Nevertheless, incorporation of
metric information into the diffusion process may be important
for other applications.

4.2. High-Pass Quantization of Dynamic Meshes

It is quite natural to consider our approach of coding geome-
try also for dynamic meshes. The combinatorial Laplacian stays

constant if the combinatorics do not change during an anima-
tion. Hence, the Laplacian only needs to be factored once and
can then be used in the reconstruction of any frame of an anima-
tion without significant overhead. Therefore, after some over-
head for the first frame, each following frame can be decoded
on the fly, assuming that the quantized differential coordinates
are easy to decode.

Similar to Váša and Petr̆ı́k [19], we build upon the CoDDyaC
algorithm [32] for dynamic mesh compression. The original
CoDDyaC algorithm performs a principal component analy-
sis (PCA) of the trajectories of the vertices. After truncating
the PCA-basis and expressing the trajectories in the truncated
basis, the coefficients of the trajectories are encoded with the
EdgeBreaker algorithm [33], utilizing the parallelogram rule
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(a) Original mesh (b) fi/| f | (c) α = 0 (d) α = 1 (e) α = 0.7 (f) Result

Figure 8: Intrinsic mesh simplification selects a subset of vertices by diffusing a feature measure: (a) Original mesh (40177 vertices). (b) Visualization of the feature
measure. (c) Uniform selection. (d) Selection based on feature measure only. (e) Selection based on a mixture of uniform and feature measure. (f) Result (4018
vertices) obtained by connecting the selected vertices.

for prediction and quantization [16]. The differential coordi-
nate-based CoDDyaC algorithm [19] simply applies the Lapla-
cian operator to the trajectory coefficients before encoding them
with the EdgeBreaker algorithm.

We use the same approach, however, instead of utilizing
EdgeBreaker, we perform quantization and error diffusion on
the trajectory coefficients, as described in the previous section
for static meshes. Figure 7 compares our approach with the dif-
ferential coordinate-based CoDDyaC variant. As in the case of
classical high-pass quantization, our approach based on error
diffusion significantly improves the situation. In particular, our
approach enables using fewer anchor points. These are expen-
sive to encode in this case, since encoding anchors corresponds
to storing a full set of trajectory coefficients. A set of example
animations is included with the supplemental material. An in-
teresting observation is that there is a close relationship between
prediction based on the parallelogram rule and error diffusion,
since the former can be regarded as a simplistic form of error
diffusion, where the total quantization error is distributed to a
single neighbor, namely the next element in processing order.

5. Intrinsic Mesh Simplification

As a further application, we show in this section how our er-
ror diffusion framework can be applied to mesh simplification.
The underlying idea is that identifying a subset among the ver-
tices of a mesh is equivalent to performing a black and white
coloring of the vertices.

More specifically, we base our approach on TopStoc [20].
This algorithm uses a stochastic approach to select the subset of
vertices based on a geometric importance measure of the ver-
tices. The stochastic selection makes the algorithm linear in the
vertices. We derive a similar measure, attach it to the vertices,
and then apply error diffusion. One may think of the measure
as a grayscale value, with error diffusion coloring a few ver-
tices ’white’, meaning these vertices are selected to represent
the geometry.

Algorithm. Let V denote the set of vertices and K the frac-
tion of vertices to be selected. If K is assigned to each ver-
tex, then error diffusion will produce K|V| white vertices (Fig-
ure 8(a)). Treating all vertices equally, however, is less than
ideal, since more vertices than necessary are selected in regions

of low geometric detail, while information is lost in regions of
high geometric detail, due to undersampling. Better results can
be achieved by selecting the vertices based on a measure of their
geometric importance [20]

fi =
1
2

(
1 − 1
|N(i)|

∑
j∈N(i)

nT
i n j

)
, (10)

measuring the deviation among normalized vertex normals in
the one-ring neighborhoodN(i) of a vertex i (Figure 8(b)). The
values of this measure lie in the range [0, 1], with fi = 0 cor-
responding to flat regions and increasing fi > 0 corresponding
to increasingly stronger curved regions of the mesh. Initializ-
ing each vertex with K fi|V|/| f |, where | f | =

∑
i∈V fi denotes

the cumulative sum of the measures, and performing error dif-
fusion then again produces K|V| white vertices, with vertices
in curved regions being preferred (Figure 8(c)). Unfortunately,
this is still not optimal. Since the feature function is a local
measure, it cannot detect large curved regions that are locally
flat. We avoid undersampling of such regions by combining
uniform and feature-based selection, through the use of linear
weighting, controlled by a parameter α ∈ [0, 1]:

wi(α) = K
(
(1 − α) + α

fi|V|
| f |

)
(11)

Once a subset of vertices has been selected, it gets triangulated
using the topological clustering described by Boubekeur and
Alexa [20].

Results and Discussion. The key parameters of our approach
are the adaptivity α, the weight ζ that specifies the fraction of
the error that is distributed to the next element in processing
order, and the processing order used. Our experimental evalu-
ation shows that α should not be chosen close to one or zero.
Good choices typically lie in the range α ∈ [0.25, 0.75]. For
the sake of simplicity, we have taken α = 0.7 for all our ex-
periments. Next, we evaluated how the choice of the fraction
ζ influences the quality of the approximation of the generated
simplified mesh. To this end, we compute the root mean square
(RMS) distance [31] between the original and the simplified
model. We observed that ζ should be chosen close to one for
small simplification ratios and close to zero for large simplifi-
cation ratios. An optimal choice, however, is also depending
on the given mesh. As a reasonable default, we have therefore
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(a) (b) (c) (d)

Figure 9: Evaluation of the proposed intrinsic mesh simplification approach. (a) Assessment of the impact of the different processing orders on the Hausdorff error
of the simplified mesh. (b) Demonstration of the importance of diffusing the error, for small simplification ratios, partially to the next element in processing order.
For different fixed simplification ratios, it is shown how the Hausdorff error changes depending on the fraction ζ of the error that is distributed to the next element.
(c) and (d) Comparison with TopStoc [20] and QSlim [34] in terms of RMS error and computation time.

taken ζ = 0.5 for all our experiments. Figure 9(a) shows the
Hausdorff error depending on ζ for the model shown in Fig-
ure 8. Evaluation of the different proposed processing orders
showed that the paths based on the Warnsdorff-rule have a small
advantage over the other orders.

To evaluate how our approach relates to other techniques,
we compared it with two state-of-the-art techniques. The first
is TopStoc by Boubekeur and Alexa [20], which is similar to
our method but uses a stochastic approach to select the sub-
set of vertices. As can be seen in Figure 9(c), our approach
based on error diffusion clearly outperforms TopStoc’s stochas-
tic approach. Another advantage is that error diffusion based
on the Warnsdorff rule is deterministic: it always produces the
same result and almost exactly the desired number of vertices—
unlike TopStoc. This improvement comes at the price of a
slightly increased processing time of about 30%.

We also compare our approach to QSlim by Garland and
Heckbert [34]. Although already dated, this technique still rep-
resents a state-of-the-art quality oriented simplification tech-
nique and as such an upper bound on the quality. As expected, it
generates significantly better quality simplifications, using sig-
nificantly more computation time (see Figure 9).

6. Conclusions

We have presented a systematic analysis of different pro-
cessing orders for error diffusion on surface meshes. We have
shown that several fundamental algorithms in mesh processing
benefit from incorporating error diffusion. In all cases, adding
error diffusion to the original algorithm is trivial and, assum-
ing the linear time path is used, the additional computational
complexity is negligible.

In particular, for high-pass quantization, the application of
error diffusion changes the results by orders of magnitude,
mostly making anchoring of vertices unnecessary. The appli-
cation on quantizing the coefficients of trajectory data results in
promising improvements. It appears these improvements trans-
fer to the recent state-of-the-art versions of this compression
scheme [35]. The modification of TopStoc improves the quality
of the simplified geometry, at negligible extra cost. We note that

Figure 10: A half sphere mesh with a gray ramp processed by error diffusion on
the faces. The images show a rendering and a photograph of a 3D print. Note
the worm-like artifacts in the vertical direction.

the usage scenario of algorithms like TopStoc is naturally lim-
ited, and QSlim still is the method of choice for off-line mesh
simplification. All applications allow measuring the gain from
error diffusion in an objective way and show that the linear time
path based on the Warnsdorff rule performs well in practice.

We demonstrated that error diffusion can be useful as a tool
to process mesh geometry. Another application is, of course, in
computing the quantities needed for physical output of shapes,
e.g., providing an optimized implementation of the dithering
stage of the OpenFab pipeline [36]. With the recent advance
in mass market 3D printing, the importance of this area will be
hard to overestimate. Applying the ideas to volumetric (or any
other type of graph) is also straightforward. This allows gener-
ating patterns from graded material properties inside a volume
for creating physical output using a two-material printer.

Limitations. We know from error diffusion on image data that
the coefficients are extremely important for the spectral proper-
ties and, thus, the visual quality of the result. Even in our ap-
plications, we can see this effect in the simplification scenario,
where the distribution of the vertices is important. We can repli-
cate the importance of distributing the bulk of the error into the
element to be processed next. However, more optimization of
the coefficients is necessary and an open problem.

To illustrate the problem of the current approach, we show
the visual quality of error diffusion on a spherical mesh. Here,
we have applied error diffusion to the faces and compensated
for the face areas. Figure 10 shows a rendering as well as a
photograph of a 3D print. Note the obvious worm-type artifacts
along the vertical direction.

9



Future Work. Clearly, the most pressing future work is generat-
ing better distribution coefficients. Note that the optimization of
the weights is significantly more involved for the irregular mesh
case, because not only are there various different neighborhood
combinatorics, but also the set of processed and unprocessed
elements in the neighborhood varies (and considering only the
combinatorial structure of the problems neglects the area and
shape of the mesh elements, which might also prove relevant).
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